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The development of finitary universal algebra is carried out in a suitable closed category called a 
n-category. The a-categories are characterized by their completeness and cocompleteness and 
some product-colimit commutativities. We establish the existence of left adjoints to algebraic 
functors, completeness and cocompleteness of algebraic categories, a structure-semantics adjunc- 
tion, a characterization theory for algebraic categories and the existence of the theory generated by 
a presentation. The conditions on the closed category are sutliciently weak to be satisfied by any 
(complete and cocomplete) Cartesian closed category, semi-additive category, commutatively 
algebraic category and also the categories of semi-normed spaces, normed spaces and Banach 
spaces. 
1. Introduction 
The dissertation [16] of F.W. Lawvere in 1963, giving a categorical treatment of 
universal algebra, is well-known. He first considers an algebraic theory, and this is a 
category .7 with a denumerable set of objects To, T’, . . . , T”, . . . such that T” is the 
nth power of T’. A model of this theory in the category of sets is then simply a finite 
product preserving functor A : .Y+ Sets. The basic results which can be proved in this 
approach are 
RI. existence of a left adjoint for any algebraic functor (and this contains the 
existence of free algebras) 
R2. completeness and cocompleteness of the category of algebras 
R3. structure-semantics adjunction 
R4. characterization of algebraic categories 
R5. presentation of theories (and this contains the existence of free theories). 
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NOW, if F is the theory of groups and if we replace Sets by Top, we obtain as 
models the topological groups. But it has been known for a long time that if we do the 
same when 9 is the theory of real vector spaces, we do not obtain as models the 
topological vector spaces. We obtain the vector spaces V provided with a topology 
which makes the additon V x V + V continuous and for any real number CY, the 
multiplication V + V by a also continuous. But the scalar multiplication R X V + V 
is not necessarily continuous. If one observes that R is precisely the set (or better: the 
topological space) of l-ary operations, one would like the continuity of 
T(T’, T’) x v+ v. 
When one restricts to a convenient subcategory of Top, for example the category X2 
of Kelley spaces, this is equivalent to the continuity of 
.57-(Ti, 7-%X&o V) 
where &( V, V) is the set of continuous mappings from V and V provided with the 
usual Kelley topology. In other words, if we see V as a functor 
V: T+xa 
the continuity of the scalar multiplication is nothing but the continuity of 
Y’(T’, T’)+ X8( VT’, VT’). 
When we write the things like this, we say exactly that the theory of topological 
vector spaces must be chosen as being in fact a X8-category and that the models must 
be chosen as being in fact X2 -functors. 
Examples like this and many others led J. Gray, in 1974, to develop universal 
algebra in a Cartesian closed category (cf. [ 151). Thus the category of sets is replaced 
by a complete and cocomplete Cartesian closed category V and any notion which 
appears in the problem must be thought of as a notion enriched in -%‘+. J. Gray was able 
to prove, in this context, most of the basic results of universal algebra. 
The fact that ‘zr is carresian closed (and not simply closed) is important because it 
implies that the Cartesian product on -Zr preserves all the colimits. And this is already 
useful for the first result (left adjoints to algebraic functors). Indeed, take a morphism 
of Y-theories 
You can deduce an algebraic functor 
l+-b:Lf++P 
by composing with r The left adjoint 
ro:.P-,Lf+ 
of r’ is obtained by a Kan extension process 
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thus by a coend formula 
This is indeed an Y-algebra for we can write, because coends commute with the 
Cartesian product 
z [+T:S)xA(T')]" 
=[f=(A)(S')]". 
This is a first point, and there are many others where we use the fact that V is 
cartesiun closed and not simply closed. This point justifies condition C3 in 
Definition 1. 
J. Gray, who was basically interested in the case of Kelley topological spaces, 
asked also the question of what happens when taking for -V the category of 
pointed Kelley spaces, which is closed but not Cartesian closed. Some aspects of this 
question can already be found in a work by J. Beck in 1969 (cf. [l]) but in fact 
everybody knows that in topology people are very often interested in pointed 
spaces. 
More generally we would like in this paper to give a satisfactory answer to the 
following question: In what closed categories V is it possible to develop universal 
algebra? (and by universal algebra we mean a theory which includes and generalizes 
at least the results Rl to R5). To answer this question, we proceed in two steps. In a 
first step, we simply write down the list of all the conditions we need in order to prove 
the five basic results. And in a second step - the most important - we try to see when 
these conditions are satisfied and give many examples, like Banach modules on a 
Banach algebra, Kelley vector spaces, graded modules on a graded ring, and so on. 
These numerous and important examples prove at least the pertinence of the 
question. 
This paper originated in a work of the first author (cf. [3]) and the contribution of 
the second author was to simplify most of the proofs. The text was also improved by 
various suggestions of G.M. Kelly and M. Barr. 
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2. Universal algebra 
2.1. Algebraic categories 
To develop universal algebra in a closed category V, it is certainly useful to 
suppose that Y is complete and cocomplete. Now the considerations in the intro- 
duction show that some commutation property between coends and products is also 
necessary; this is the reason for the condition C3 in Definition 2.1.1. In this 
definition, we describe the closed categories in which universal algebra will work; the 
conditions C4 and C5 will be justified later in the text. 
Definition 2.1.1. A category “Y- will be called a r-category if 
Cl. V is symmetric monoidal closed. 
C2. Y is complete and cocomplete. 
C3. For any small ‘V-category d with finite V-products, any product preserving 
V-functor G : d + Yf and any V-functors H, K : dop -B “yl the canonical morphism 
is an isomorphism 
C4. For any object V E Iv\, the functor V x - : Yf-, Y preserves coequalizers of 
reflective pairs. 
C5. For any object VE I”crl, the functor VX -: Y-, "cr preserves the filtered 
colimits. 
Let us denote by 7fr the V-full subcategory of Vwhose objects are the nZ(n E N); 
for the sake of brevity, we write n instead of nZ when no confusion is possible. The 
V-category “y;“” has finite V-products. 
Definition 2.1.1. Let “v be a r-category. A V-theoryT is a pair (T, 7) where T is a 
V-category and r : VP -* 9 is a finite V-product preserving Y-functor which is 
surjective on the objects. If (9, ) r and (9, a) are two ‘V-theories, a morphism 
f : (9,~) --, (9, (T) of V-theories is a finite product preserving V-functor f : T+ Y 
such that Z - r = CT. 
If T= (9,~) is a ‘V-theory, we write r(n) = T” or simply r(n) = n when no 
confusion is possible. The corresponding algebraic category .? is the ‘V-full sub- 
category of [T, Sr] whose objects are those Sr-functors which preserve finite “Y- 
products. The algebraic category corresponding to (Y?‘, id) is nothing but K 
2.2. Algebraic funcrors 
If Z: (T, 7) + (9, a) is a morphism of ‘V-theories, the composition with f produces 
a V-functor r” : A@ -* .@ which is called a V-algebraic functor. In particular, the 
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morphism T : (-7/;)‘, id) -, (T, T) produces a forgetful functor UT: p + Y which is 
nothing but the evaluation at T’. By the V-Yoneda lemma (cf. [S]), US is Sr- 
representable by .T(l, -). Any -V-algebraic functor is faithful and --faithful and in 
particular F( 1, - ) is a generator in p. 
Proposition 2.2.1. Let -?f be a r-category. If d is a small V-category with finite 
‘V-products, G : d + -2’ is a finite product preserving ‘V-functor, B is a Y-category with 
finite V-products and H : d + 93 is any ‘V-functor, then the left ‘2r-Kan extension of G 
along H exists pointwise and preserves finite Y-products. 
Proof. By condition C3 and the coend formula of Kan extensions (cf. [4] and [12]). 
Theorem 2.2.2. Let Y be a r-category. Any ‘V-algebraic functor has a V-left adjoint 
and is V-monadic. 
Proof. By Proposition 2.2.1, if r: (F, T) + (9, (T) is a morphism of y-theories, the 
-T-algebraic functor r”: sp” + k? has a -V-left adjoint r”: ?+ sp” whose value on 
the F-algebra A is nothing but the -V-left Kan extension of A along r So we obtain a 
restriction of the Kan monadic adjunction. 
If (9, T) is a theory, we denote by $5 the V-left adjoint of UT. 
2.3. Limits and colimits 
In this section we introduce our condition C4 which appears as rather natural, 
following a well-known result of Linton (cf. [ 171). to get the cocompleteness of the 
categories of algebras. 
Theorem 2.3.1. Let V be a r-category. Any ‘V-algebraic category .? is V-complete 
and ‘V-cocomplete. 
Proof. r/r creates Y-limits and this implies the V-cocompleteness of @. Now our 
condition C4 implies that Us also creates coequalizers of reflective pairs and by the 
-V-analogue of Linton [17], @ is V-cocomplete 
2.4. Structure-semantics adjunction 
In order to make precise the notion of a tractable functor, we use the axiomatics of 
universes. We consider three universes %i E ‘%z E %s. When nothing is specified, all 
categories we are considering lie in %z with Horn-sets in ‘%I. A category will be called 
small if it lies in Qi. We consider a r-category -V which lies in 0%2 with Horn-sets in 
%I. We now suppose that there exists a n-category pwhich lies in %3 with Horn-sets 
in Q,. We now suppose that there exists a r-category p which lies in %3 with 
Horn-sets in %z. We suppose further that -Zr is fully embedded in p in a sufficiently 
well-behaved way (see Day [ 101 for a procedure for changing of universe). 
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Definition 2.4.1. A ‘V-functor U : d --, 5” is said to be ‘V-tractable if the sub-Y- 
category fi c[&!, V] generated by the finite powers of U is in fact a small -V- 
category. 
It should be noticed that [Ippt ‘lr] is a ?-category. We denote by Trac the category 
whose objects are the V-tractable ‘V-functors and whose morphisms are the 
7-functors making the triangle commute. We also denote by Th the category of 
‘V-theories and morphisms of -lr-theories. 
It is clear that if U is Y-tractable, then the ‘V-category fi is a &V-theory. Moreover, 
if U : d + -V and U’ : d’ + -V are V-tractable, then any V-functor F : d + d’ such 
that U’F = U generates a V-functor fi : l?’ + I$ which is simply composition with F; 
it is clear that 8 is then a morphism of &V-theories. Thus we get a functor 
Str : Trac -, Th. There is also a functor Sem : Th + Trac which maps a -V-theory 9 to 
U5 and a morptism Tof ‘V-theories to r”. It is indeed the case that UT is ‘V-tractable 
because, by the y-Yoneda lemma (cf. [ 111) 
1 
A 
[U&I, UrAl= 1 [‘WI, UzA). Us-Al 
A 
= J [@‘(Fm, A), UFA] 3 UrFrn. A 
Theorem 2.4.2. There is an adjunction SemoP -I Str : TracoP + Th. Moreover, 
Str * Sem = 1 whence Sem is fully faithful. 
Proof. If 5 is a -V-theory, the V-functor C$T : .T --* fir is defined by &(n) = UG- on 
objects. The map 
r(n, I)+ J [U%% UAI 
A 
follows from 
Y(n, 1) = U3FY(n) and J [U”A, UYA A 12 U&An) ‘9 
it is thus an isomorphism and moreover ~$3 is bijective on the objects. 
It remains to define a natural transformation 4 : ld + Sem * Str such that U&U = 
U. We define the components &_, : d + 3” c [ 0, Y] as the adjoint transforms of the 
7/‘-functors 
where the second functor is evaluation. Since &(A)( U”) is then U”A, it is clear that 
ljl” actually lands in c”. It is easy to check that J/U is natural in U and has the 
required universal property. 
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2.5. Characterization theorem 
139 
In order to generalize Lawvere’s well-known characterization of algebraic cate- 
gories, we first introduce a notion of domination for ‘l/^-functors. 
Definition 2.51. Let -V be a closed category. A t’-functor G : d + 2 is said to be 
-V-dominated by a -V-subcategory d’ of d if G is the Y-left Kan extension of G . i 
along i, where i : d’ 4 d is the canonical inclusion. 
When the Kan extension can be computed pointwise this means that 
I 
A’ 
&(A’, A) 0 GA’ = GA. 
Theorem 2.5.2. Let ‘T be a r-category. A 3”-category & is ‘Y-equivalent to a 
*T-algebraic category if and only if 
(1) & is provided with a Wfunctor U : d + Y which has a v-left adjoint F. 
(2) UF is Y-dominated by Y;. 
(3) d has -Y’-coequalizers. 
(4) f is a ‘Tf-coequalizer in d iff Uf is a coequalizer in 7r. 
(5) (f, g) is a v-kernel pair in d if (Uf, Ug) is a kernel pair in -W: 
Proof. The five conditions are necessary for a V-algebraic category 9’. 
(1) follows 2.2.2. 
(2) by the V-Yoneda lemma (cf. [ll]) 
U&r(V)=&(V)(l) 
I 
n 
Z V” 0 Y(n, 1) 
(3) follows from 2.3.1. 
(4) Kernel pairs exist in p and are, of course, reflective; moreover UT creates 
kernel pairs and coequalizers of reflective pairs. (See [18, Section 181). 
(5) same argument as for (4). 
For sufficiency, let y” be the full -Y-t ‘ma g e of 3; under the ‘V-functor F : -7 + A?. 
Then 9 becomes a -V-theory because F preserves %‘-coproducts. We seek to show 
that d is equivalent to 9. Let T be the V-monad generated by the V-theory T. By 
(2), U is isomorphic to the -V-monad generated by FI U. The result follows then from 
the monadicity theorem of Borceux-Day (cf. [S]). 
2.6. Presentation of theories 
For this section we are highly indebted to G.M. Kelly. He first pointed out that, for 
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a a-category ‘V, the category [Y;, -V] is provided with a monoidal structure given by 
Proposition 2.6.1 (Kelly). The category 44, of wnonoids is equivalent to the category 
9R of B-theories. 
Proof. If (T, r, v) is a o-monoid, the corresponding theory (3, T) is given by 
T(m, n) = V(n, Tm) and the o-monoid data (r, 7) then induce the structure of a 
1’- theory on T. 
Conversely, if a theory (3,~) is given, the corresponding monoid (T, r, 9) is 
obtained by T(m) = T(m, 1) and the morphisms of composition on 3 induce the 
structure of a o-monoid on T. 
Now a presentation of a Y-theory can be.seen as a ‘V-functor “y;+ V: to each n 
corresponds the object of basic n-at-y operations and the action on the morphisms 
gives the basic axioms. If we denote by a : 3% + [“y;, sr] the canonical functor given 
by a(T)(n) = T(n, 1) on the objects, the existence of the V-theory generated by a 
presentation is nothing but the following result, in which we introduce our last 
condition C5. 
Theorem 2.6.2. (Kelly). Let Vbe a r-category. The functor u :YR + [Y;, ‘V] has a left 
adjoint and is monadic. 
Proof. By 2.6.1, the theorem reduces to the existence of the free o-monoid functor. 
The works of G.M. Kelly on the pointwise existence of free monoids (course given in 
Louvain-la-Neuve in 1977) show that a sufficient condition for this existence is the 
fact that the Cartesian product preserve the filtered colimits (our condition (3). In 
this case, the free o-monoid T on S E [V;, Sr] is given inductively by 
To=S, T,,+,=J+So T,,, 
T=l& T,,. 
“<W 
where J is the canonical inclusion 5/; 6 V. 
2.7. Change of base 
This section answers a question by J. Gray about the relation between the free 
objects for a theory when passing from pointed Kelley spaces to Kelley spaces. We 
set the problem in the more general context of a change of base category. A first basic 
result (2.7.1) will be improved in a special case of interest (2.7.6). 
Universal algebra in a closed category 141 
Theorem 2.7.1. Let v and W be two r-categories. Zf LJ : W-, ?f is a normal closed 
functor which has a v-left adjoint L: “cr-, U * Wand if (F, 7) is a W-theory, then 
(1) (U * F, U * 7) is a v-theory. 
(2) There is a v-functor U’ : U * (i?) + (U * T)b such that U * U * (U,) = 
UtJ.T - U’. 
(3) U’ has a v-left adjoint L’. 
(4) U * (Fr) * L = L’ - Fu.3. 
Proof. The isomorphism LZ =I allows a ‘V-functor LPp : Y$” --, U * (w”); from this 
(1) and (2) are clear. Now consider-by 2.2.2 - the Y-monad generating (U * F)b. It 
is provided with a “multiplication” 
CL :Fu.9 - Uu.s - Fu.s + Fu.s 
and with a unit 
n : id * Uu.9 - FLI.F. 
We first define L’ on the free algebras 
L’(Fu&v)) = F&(u)) 
Then we extend the definition by “linearity” to any algebra (V, 5) 
where x = F - L(vv), y = L’(u”), z = F - L(t) and q = coker( y, z). 
Among the changes of base, some of them are particularly interesting from the 
point of view of universal algebra. In fact U needs to be full and faithful (as a closed 
functor - see 2.7.2) and L must preserve finite products. 
Definition 2.7.2. A closed functor U : W-, ?f will be called a full and faithful closed 
functor if the canonical morphisms I-, U(Z) and U’IV(X, Y)+ Sr(UX, VU) are 
isomorphisms and if moreover U is normal. 
Proposition 2.7.3. In the conditions of Definition 2.7.2, U is full and faithful in the 
usual sense and U, :. W-Cat + ‘V-Cat is again a full and faithful closed functor. 
Proposition 2.7.4. Consider a full and faithful closed functor U : W+ “zr with Wand 
?f Cartesian closed. Zf U has a g/l-left adjoint L, then L preserves finite products. 
These considerations lead to the following useful criteria which will be applied 
several times in section 3 (examples). 
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Proposition 2.7.5. Consider a full and faithful closed functor CJ : -W-* -V which has a 
finite Y-product preserving -Y-adjoint L. Then u’ is a rr-category as soon as Y is a 
r-category. 
Proof. W is equivalent to a ‘V-full reflective subcategory of -V and this implies C2. 
Because L preserves colimits and finite products, conditions C4 and C5 lift from &V to 
-W: The same holds for condition C3 because of 2.7.3. 
We are now able to improve Theorem 2.7.1. 
Theorem 2.7.6. In the situation of Theorem 2.7.1, if moreover U is a full and.faithful 
closed functor and L preserves finite products, then 
(1) U * (r/r) * L’r L * L/r/-*3. 
(2) The canonical mophisms 6; : A + LJ’L’A are manic (resp.: epic, iso) if and only 
if the canonical morphisms Sv : V + ULVare manic (resp.: epic, iso). 
Proof. Take A a U * F-algebra. By 2.7.3, L - A corresponds to a “Zlr-functor 
x : .T’-, W such that L - A = U - A. So x is a Y-algebra. Now for any Y-algebra B 
we have, again by 2.7.3 
&(A, B)=(U * Sy(A, U’B) 
and this shows that A = L’A. 
(2) holds because Ut,,s(Sk) = SLI.J(~) and UNIT reflects monomorphisms, 
epimorphisms and isomorphisms. 
Example 2.7.7. As an application of these results, we can look at the problem of the 
completion of a category provided with an additional structure. Let 9 be a small set 
of small diagrams. Take V= Cat and W = the category whose objects are the 
9-complete small categories with the 9-continuous functors as morphisms. “z’ and 
Ware complete and cocomplete Cartesian closed categories and the forgetful functor 
U : W-* Y has a ‘V-left adjoint if at least one works up to an equivalence or if one 
chooses canonical 9-limits (cf. Ehresmann [13] and Borceux [2]). So Theorem 2.7.1 
applies and the action of L’ is nothing but the algebraic %completion of a category 
provided with an additional algebraic structure. 
Example 2.7.8. Now if -YV’ has the same objects as ‘?V but all the functors as 
morphisms, we get another problem of completion studied in [13] and [2]. By 2.7.4 
we can apply 2.7.6 to the inclusion U’: W’ 4 ‘Y and conclude that a category 
provided with an additional algebraic structure can this time be fully embedded in its 
algebraic completion. 
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3. Examples 
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3.1. Cartesian closed categories, Kelley vector spaces 
If ‘7f is a complete and cocomplete Cartesian closed category, the Cartesian product 
on Y commutes with colimits and coends and thus -?f is a x-category. 
As an example of a theory in this case, consider the theory of real vector spaces 
enriched with respect to the category of Kelley spaces (thus R is the topological 
space of 1-ary operations). The algebras are the Kelley vector spaces. 
3.2. Cummutatively algebraic categories 
In this example Y is a r-category. We prove that if .Y is a commutative -V-theory 
(3.2.1), @ is also a x-category. 
Definition 3.2.1. An algebraic V-theory (.Y, T) is called commutative if the following 
diagram commutes for all m, n E N : 
3(m, 1)O Y(n, I) 
I x I ‘*1 
- .F(m. 1) . X m. m) 
.F(n Xm, n)@.F(n, 1) 
&I . c 
..Y(n Xm. 1) 
Proposition 3.2.2. Let Vbe a r-category. If (T, T) is a commutative V-theory, then &’ 
is also a r-category. 
Proof. Let us see first that p is symmetric monoidal closed. Because of 3.2.1, there 
is a bifunctor (see [ 141) .Y 0 Y+ .F which sends (n, m) on n x m. It follows readily 
that .Y is a symmetric monoidal category. Thus by Day [9], the category [Y, Y] of 
prealgebras has a symmetric monoidal closed structure given by convolution. .@ is 
closed under exponentiation in [.Y, V] because the internal Horn is given by 
[A, B](m) = j WA(n), B(n x m)) 
” 
and [A, Bl preserves finite products whenever B is a F-algebra. The unit object is 
the free Y-algebra on I E ‘L”, namely Y(1, -). The tensor product of two Y-algebras 
A and B in [Y, Y] is given by 
I 
m.n 
A@B= A(m)OB(n)OY(mxn, -) 
z ~mA(m)O~“13(n)O~(mXn, -). 
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But for each fixed m, I” f?(n) 0 Y(m x n, -) is a Y-algebra by C3 and again by C3 
A 0 B is a Y-algebra. 
@ is complete and cocomplete by 2.3.1. It satisfies C3 by Borceux-Day [4]. 
Moreover the forgetful functor UT : .@ --* -V creates coequalizers of reflective pairs, 
filtered colimits and limits; this implies C4 and C5. 
This example of commutatively algebraic categories is essentially a tool for the 
next examples. Indeed, a category which is algebraic on Yb is already algebraic on -7r 
and so we do not get any really new example of algebraic categories. Let us prove this 
fact. Because UT is faithful and V-faithful, the V-representation theorem (cf. [ll]) 
shows that the ‘V-category underlying (.Yb)pp is nothing but 9. Now if Y is a .Yb 
theory, we can see it also as a L?“-theory (UT * (9). By composing with UT, an 
Y-algebra becomes a (U,) * (Y)-algebra. Conversely, by composing with 9~ 
(UT) * (-WT’) + (UT) * (Y), a (UT) * (Y)-algebra can be made into a F-algebra 
which has the structure of an Y-algebra. 
3.3. Semi-additive categories, graded modules on a graded ring 
Another important class of r-categories V is given by the symmetric monoidal 
closed, complete and cocomplete semi-additive categories. In that case we have a 
zero object and biproducts. The conditions C3, C4, C5 reduce then to a com- 
mutativity between biproducts and some colimits. Condition C3 holds because the 
tensor product has a right adjoint and thus commutes with biproducts. Conditions C4 
and C5 hold because the biproduct commutes with connected colimits. 
Examples of theories over such categories by are numerous. Let us give a quite 
general example. Following Bourbaki (cf. [7]), let us consider a monoid A whose all 
elements are regular (in the most usual case, one chooses A = 2). We take for Vthe 
category of A -graded abelian groups. This is a symmetric monoidal closed, complete 
and cocomplete additivie category (cf. [7]). Let A be a A -graded commutative ring. 
We consider the V-theory of A-modules which has A as object of 1-ary operations 
(with usual axioms). The algebras are precisely the A-graded modules on the 
A -graded ring A in the sense of [7]. Indeed, the action of the 1-ary operations on a 
A -graded group M is a morphism 
This is precisely a A -graded morphism of A -graded groups such that, for any S E A 
P (Ad E %ddM W 
where %rada(M, M) is the set of A -graded morphisms of degree 6. Thus for any S, E 
in A 
,u(As)M)~~s+, 
and p provides M with the structure of a A-graded A-module. 
Universal algebra in a closed category 145 
Analogous results can be deduced for chain complexes or filtered modules (cf. [8]). 
It is also possible to see some categories of topological bimodules as algebraic 
categories on convenient categories of topological modules, and so on. 
3.4. Category of Banach spaces, Banach modules on a Banach algebra 
We intend to prove that the category of (real) Banach spaces ia a n-category. As 
pointed out by S. Eilenberg a long time ago, to have a good category of Banach 
spaces and in particular to have limits and colimits, one must take as morphisms only 
those morphisms which reduce the norm. The same holds for normed spaces and 
semi-normed spaces. In fact we shall exhibit a chain of r-categories starting with Sets 
and whose last link is the category of Banach spaces. 
Following an old idea, we first compare the category of semi-normed spaces with 
the category of “balls”. A presentation of the commutative theory of balls is given by 
objects: finite powers of [ - 1, + l] 
0-ary operations: choice of zero. 
Z-ary operations for (Y, /3 E R such that IcyI + ]@I < 1: (x, y) --* QX +/3y. 
By 3.1 Sets is a r-category. By 3.2 the category Ball of balls is thus also a 
n-category. It should be pointed out that, for a ball B, the multiplication by a f 0 is 
not necessarily injective. So we consider the full subcategory R-Ball of Ball whose 
objects are the regular balls; we mean: the balls for which the multiplication by a Z 0 
is injective. 2.7.5 applies and R-Ball is a r-category. 
If B is a regular ball, we can define a semi-norm on B by 
llbll= inf{a > 016 E aB}. 
This is a semi-norm in this way that 
llabll = Ia I . 11~ IL 
llab+Wll~/~l *llbll+tPi *lb’11 
when these combinations make sense. Clearly, any element of the ball has a 
semi-norm less than 1 and any morphism of balls reduces the semi-norm. 
Let us now compare the category S-Norm of semi-normed spaces with the 
category of regular balls. There is a closed functor Ui : S-Norm + R-Ball which is 
simply the closed unit ball functor. It has a left adjoint F1 which is the obvious 
extension of a regular ball into a semi-normed space by an homothetic extension 
process. F1 preserves finite products because it has itself a left adjoint: the open unit 
ball functor. 2.7.5 applies and S-Norm is a r-category. 
If Norm is the category of normed spaces, the canonical inclusion (I1 : Norm + 
S-Norm is also a full and faithful closed functor. It has a left adjoint FI, namely 
division by the kernel of the semi-norm. This adjoint preserves finite products 
because the product of two semi-norms is their supremum and the kernel of the 
supremum of two semi-norms is nothing but the product of the two kernels. Again by 
2.7.5, Norm is a r-category. 
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Finally the canonical inclusion r/s : Ban -, Norm of the category of Banach spaces 
into that of normed spaces is also a full and faithful closed functor. It has a left adjoint 
FJ which is obtained by the usual Cauchy completion process 
{Cauchy sequences in X} 
F3~X)=~X”)n”~y”)n~~~X”-Y”)~0 
This functor F3 preserves finite products because, in a finite product, a sequence is 
Cauchy iff it is Cauchy in each component and a sequence is convergent iff it is 
convergent in each component. Once more by 2.7.5, Ban is a r-category. 
To give an example of a Ban-theory, consider a Banach algebra A. Look at 
the Ban-theory of A-modules which has A as object of 1-ary operations (with the 
usual axioms). The algebras are precisely the Banach modules on the Banach 
algebra A. 
3.5. Counter example 
Finally I would like to mention an example of a category which does not satisfy the 
condition C3 but which satisfies the conditions Cl, C2, C4, C5. 
This example is proposed by G.M. Kelly. This is the positive real numbers [0, co] 
with the multiplication as tensor product and the division as internal Horn. 
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